We compute the four-loop contributions to the photon quark and Higgs quark form factors involving two closed fermion loops. We present analytical results for all non-planar master integrals of the two non-planar integral families which enter our calculation.
Introduction
There are various aspects of form factors which promote them to important objects in any quantum field theory. In the framework of QCD form factors constitute building blocks for various production and decay processes, most prominently for Higgs boson production and the Drell-Yan process. Furthermore, form factors are the simplest Green's functions with a non-trivial infrared structure which makes them ideal objects to investigate general infrared properties of gauge theories [1] [2] [3] [4] [5] [6] [7] .
The main objects of this work are massless fermionic form factors where the fermions couple via a vector and scalar coupling to an external current. In the framework of the Standard Model they can be interpreted as photon quark and Higgs quark form factors. In the following we provide brief definitions of these objects.
The quark-antiquark-photon form factor is conveniently obtained from the photon quark vertex function Γ µ q by applying an appropriate projector. In d = 4 − 2ǫ space-time dimensions we have
with q = q 1 + q 2 . q 1 and q 2 are the incoming quark and antiquark momenta and q is the momentum of the photon.
In analogy, the Higgs quark form factor is constructed from the Higgs quark vertex function Γ q . For definiteness we consider in the following the coupling to bottom quarks and write
Sample Feynman diagrams contributing to F q and F b are shown in Fig. 1 .
Two-and three-loop corrections to F q have been computed in Refs. [8] [9] [10] [11] [12] [13] [14] [15] and F b has been considered in Refs. [16, 17] . Four-loop results for F q in the planar limit have been obtained in Refs. [18, 19] and fermionic corrections with three closed quark loops have been computed in Ref. [20] .
In this paper we consider fermionic contributions to F q and F b . More precisely, we compute four-loop corrections with two closed fermion loops (which in our notation are proportional to n 2 f ). This is the simplest well-defined gauge invariant subset which involves non-planar integral families. It is the main result of this work to study in detail these families and provide analytic results for all non-planar master integrals which are part of these families. Note, that all planar families including all master integrals have been considered in a systematic way in Refs. [18, 19, 21] . Non-planar integral families are already present in the n 3 f contribution to the Higgs gluon form factor which has been considered in Ref. [20] . Very recently the 1/ǫ 2 pole of the four-loop form factor within N = 4 super Yang-Mills theory has been computed using numerical methods [22] .
If ǫ 0 terms at four loops shall be computed the lower-order corrections need to be expanded to higher orders in ǫ. In particular, the one-, two-and three-loop results are needed to order ǫ 6 , ǫ 4 and ǫ 2 , respectively. The three-loop ǫ 2 terms for F q have been computed in Ref. [13] and cross-checked in Ref. [19] . As a preparatory calculation for the results obtained in this work we could confirm the three-loop corrections to the gluonic from factor up to order ǫ 2 as given in Ref. [13] . Furthermore, we provide the first independent check for the three-loop ǫ 0 term of F b [17] and extend it to order ǫ 2 which is not yet available in the literature.
It is convenient to parametrize the form factor in terms of the bare strong coupling constant and write
where y 0 = m 0 b /v is the bare Yukawa coupling and m 0 b and v are the bare bottom quark mass and Higgs vacuum expectation value, respectively. The renormalized counterparts of the form factors are easily obtained by multiplicative renormalization of the parameters α 0 s and y 0 using three-and four-loop renormalization constants, respectively, which can be obtained from Refs. [23] [24] [25] [26] (see also Appendix F and the ancillary file of Ref. [27] for an explicit result of Z y up to four loops in terms of SU(N c ) colour factors).
The pole part of the logarithm of the renormalized form factor has a universal structure which is given by (see, e.g., Ref. [13, 28, 29] ) log(F x ) = Figure 1 : Sample Feynman diagrams contributing to F q and F b at the four-loop order and containing two closed fermion loops. The gray box indicates either a scalar or a vector coupling of the fermions to the external current. Solid and curly lines represent quarks and gluons, respectively. All particles are massless.
where the ellipse denote higher order terms in α s and ǫ. We have x ∈ {q, b}. C F and C A are the eigenvalues of the quadratic Casimir operators of the fundamental and adjoint representation for the SU(N c ) colour group, respectively. In Eq. (4) µ 2 = −q 2 has been chosen. The cusp and collinear anomalous dimensions are defined through
with x ∈ {cusp, q, b}. Note that γ q = γ b which, together with the universality of γ cusp , is an important check of our calculation. The coefficients of the β function in Eq. (4) are given by
where we have used T = 1/2 with T being the index of the fundamental representation. n f counts the number of massless active quarks.
Note that the three leading pole terms of the four-loop contribution to log(F x ) are determined from lower-order coefficients and serve as an important consistency check. contribution to F q and F b . The numbers n next to the lines correspond to the indices of the propagators, i.e. to the n th integer argument of the functions representing the integrals. In addition to the 12 propagators we have for each family six linear independent numerator factors. However, the corresponding indices are always zero for our master integrals.
The remainder of the paper is organized as follows: In the next section we provide details to the techniques which have been used to compute non-planar four-loop vertex integrals. Results for the n 2 f contributions are presented in Section 3. F q and F b are discussed in Sections 3.1 and 3.2, respectively. In particular, we provide results for the n 2 f terms of the four-loop cusp and collinear anomalous dimensions and the finite parts of the form factors. Section 4 contains our conclusions. In the Appendix we provide analytic results for all non-planar master integrals which are present in the non-planar integral families needed for our calculation. The analytic results presented in this paper are also provided in computer-readable form in an ancillary file [30] .
Technical details
The amplitudes, which contribute to the form factors, are prepared with the help of a well-tested setup. In a first step they are generated with qgraf [31] . For the fermionic form factors we have in total 1, 15 and 337 diagrams at one, two and three loops. At four-loop order we have 77 diagrams proportional to n 2 f and one diagram proportional to n 3 f (cf. Fig. 1 for sample diagrams) . Next, we transform the output to FORM [32] notation using q2e and exp [33, 34] . The program exp furthermore maps each Feynman diagram to families for massless four-loop vertices with two different non-vanishing external momenta. Then we perform the Dirac algebra and obtain a set of input integrals for each family. It turns out that fourteen planar and two non-planar families are involved in the n For the reduction to master integrals we use FIRE [35] [36] [37] which we apply in combination with LiteRed [38, 39] . Using FIRE we reveal 26 and 40 one-scale master integrals for the two non-planar families 7 and 786, respectively. For the analytical computation of these master integrals we follow the same strategy as in our previous work [19] which we briefly summarize for convenience:
1. We introduce a second mass scale by removing one of the quark momenta, q 2 , from the light cone, i.e., we have q 2. To solve our differential equations we turn from the primary basis to a canonical basis [40] , where the corresponding master integrals satisfy a system of differential equations with the right-hand side proportional to ǫ and with only so-called Fuchsian singularities with respect to x. To construct our canonical basis we apply the private implementation of one of the authors (R.N.L.) of the algorithm 2 discussed in Ref. [44] .
3. Since our equations are in a canonical (or ǫ) form, we write down a solution in a straightforward way order-by-order in ǫ in terms of harmonic polylogarithms (HPL) [47] with letters 0 and 1.
4. We determine the boundary conditions for the canonical master integrals, which are given as linear combinations of the primary master integrals, for x = 1. The primary master integrals are regular at this point and become of propagator type. Thus they are expressed as linear combinations of 28 master integrals. Their analytic ǫ-expansions are well-known [48, 49] up to weight 12. They have been cross-checked numerically in Ref. [50] .
5. We solve our differential equations asymptotically near the point x = 0 and fix these solutions by matching them to our solution at general x. Here we use the package HPL [51] to extract the leading order behaviour of the elements of the canonical basis in the limit x → 0. The asymptotic solutions are linear combinations of powers x kǫ with k = 0, 1, . . . , 8. We pick up asymptotic terms with k = 0 and obtain the so-called naive values of the canonical master integrals at x = 0.
6. From the analytic results for the naive part we obtain analytical results for the sought-after one-scale master integrals after changing back to the primary basis.
To make the transition from the point x = 1 to the point x = 0 (cf. items 4. and 5. in the above list) we could apply the prescriptions explained in our previous paper [19] . However, we prefer to use the following slightly modified approach which we find more effective.
Let us assume that we have a differential equation in ǫ-form
In our case, the sum over a includes two terms, with a = 0 and a = 1. The formal solution of this equation is the path-ordered exponent
This evolution operator can be readily expanded in ǫ with iterated integrals as coefficients.
Since we want to put boundary conditions at x = 1, we need to consider the limit x 0 → 1. Due to the presence of non-analytic terms of the form (1 − x 0 ) ǫ , this limit is not well defined when expanding in ǫ. This can be fixed by factoring out the non-analytic piece
where U(x, x 0 ) has a finite limit for x 0 → 1. Therefore, we can write down the general solution as
where C x 0 and C are column vectors of constants (depending on ǫ). C x 0 depends in addition on x 0 whereas C does not. The "reduced" evolution operator U (x, 1) can be easily expanded in ǫ with the coefficients being harmonic polylogarithms of x. The column of constants can be fixed by considering the asymptotics of the canonical master integrals for x → 1. In this limit we have
Note, that we want to relate C to the coefficients of the asymptotic expansion of the primary master integrals, j(x), which are obtained from the canonical ones via j(x) = T (ǫ, x)J(x). 3 This might seem nontrivial since T (ǫ, x) (and T −1 (ǫ, x)) have multiple poles for x → 1. Therefore, we need to know several terms of the asymptotic expansion of J(x). We identically rewrite Eq. (10) as
The operator U (x, 1) = (1 − x) −ǫM 1 U (x, 1) can be expanded in 1 − x up to sufficiently high power which makes it possible to connect the column of constants in C with the specific coefficients of the asymptotic expansion of the primary master integrals at x = 1. We stress that the described method is extremely economic in the sense that the overall number of asymptotic coefficients of the primary master integrals (each being a function of ǫ) to be fixed can be minimized and is equal to the number of constants in C. In addition, since the integrals are all analytic in the point x = 1, we set to zero all coefficients in front of non-integer powers of 1 − x in the generic solution. This reduces even further the number of coefficients which we need to calculate. We finally find that the boundary conditions are entirely fixed by those entries of j(1) which are present among the 28 integrals from Refs. [48, 49] . Note that within our present approach it is not necessary to calculate several expansion terms of the primary masters near x = 1, in contrast to Ref. [19] . The analysis at x = 0 is simplified in a similar way.
Repeating similar considerations for the point x = 0, we finally connect the coefficients of the asymptotic expansion of the primary master integrals for x → 0 with those for x → 1. In particular, we extract the naive values of the primary master integrals at x = 0.
Following the procedure outlined in this Section we could compute all master integrals contained in the families 7 and 786 up to weight 8. Analytic expressions for the 24 non-planar master integrals are given in the Appendix. In this Section we discuss the results which we have obtained for the various form factors using the techniques outlined in the previous Section and the analytic results for the master integrals given in the Appendix. We have used a general QCD gauge parameter ξ in the gluon propagator and have expanded each Feynman amplitude up to the linear term. We have checked that the coefficient of ξ vanishes for the bare form factors once all master integrals are mapped to a minimal set.
Photon quark form factor
For the n 2 f term of the photon quark form factor only the following three non-planar master integrals are needed:
110110100111 , G (7) 110110100112 , G (786) 111101101110 (13) Analytic results are given in the Appendix. We insert these results together with the ones for the planar master integrals, expand in ǫ and renormalize α s . After taking the logarithm we can compare to Eq. (4) and extract the cusp and collinear anomalous dimension. We obtain
and 
where ζ n is Riemann's zeta function evaluated at n. The coefficients γ
are only known in the large-N c limit [18, 19] . The one-to three-loop results for γ cusp and γ q can be found in Refs. [12, 13, 29, [52] [53] [54] [55] For completeness we also present results for the finite part of F q which is conveniently done for the bare form factors since at each loop order the µ dependence factorizes. In analogy to Eq. (3) we write
The n 3 f and n 2 f terms of log(F q )| (4) are given by 
The four-loop term in the large-N c limit can be extracted from Ref. [19] ; all other terms are new.
Higgs quark form factor
The calculation of F b proceeds in close analogy to F q . It is interesting to note that about 20% fewer integrals are needed in the case of F b . However, the complexity of the most complicated integrals is the same and thus the CPU time needed for the reduction to master integrals is comparable for the two calculations.
After renormalizing α s and y and taking the logarithm we again compare to Eq. (4) and extract the cusp and collinear anomalous dimension. We obtain the same results as in Eqs. (14) and (15) which constitutes a strong check for our calculation.
If we define log(F b ) expressed in terms of bare α s and y in analogy to Eq. (16) we get for the n 3 f and n 2 f terms of log( 
To obtain this result the ǫ 2 terms of the three-loop form factor are needed. We refrain from listing them explicitly but present the expressions, which are not yet available in the literature, in the ancillary file [30].
Conclusions
We have computed the complete n 2 f contributions for the massless four-loop fermionic form factors F q and F b and provide the corresponding cusp and collinear anomalous dimensions. This requires to consider two non-planar integral families. We systematically construct the solution applying algorithmic procedures and obtain analytic results for all master integrals contained in these families. Although only three non-planar master integrals are needed for the form factors we present analytic results for all 24 non-planar integrals, one of the main results of this paper. They constitute important ingredients for future calculations, e.g., the n 1 f and the n f -independent parts. Furthermore, we extend the three-loop result for the Higgs fermion form factor to order ǫ 2 . All analytic results can be downloaded from [30] .
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Appendix: Explicit results for non-planar master integrals
The 26 master integrals in family 7 (cf. Fig. 2 ) are G (7) 000001111001 , G (7) 000000111111 , G (7) 000001111110 , G (7) 000101111100 , G (7) 010000110111 , G (7) 110000011011 , G (7) 000001111111 , G (7) 000101111110 , G (7) 010000111111 , G (7) 010001111011 , G (7) 010001111012 , G (7) 010110110101 , G (7) 011010110101 , G (7) 110001101011 , G (7) 000110111111 , G (7) 001111111100 , G (7) 010010111111 , G (7) 010110110111 , G (7) 011010111101 , G (7) 011010111102 , G (7) 011011111001 , G (7) 110000111111 , G (7) 110001111011 , G
110011101011 , G (7) 110110100111 , G (7) 110110100112 ,
and the 40 master integrals in family 786 are chosen as
001001111010 , G
011010001110 , G
100010011110 , G
100101001110 , G
100101011010 , G 
The planar integrals have already been used in Ref. [19] to obtain F q in the large-N c limit. Their analytic results will be provided in Ref. [21] . Here, we concentrate on the non-planar integrals.
Family 7 has twelve non-planar master integrals. Five of them can be mapped to family 786 using G
010110110111 → G
101001111110 , G
The analytic results of the remaining seven integrals expanded up to weight eight are given by 
where
ζ m 1 ,...,m k are multiple zeta values given by 
